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Single-atom density of states of an optial lattie
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hool of Physis and Astronomy, University of Birmingham, Edgbaston, Birmingham B15 2TT, U.K.
We onsider a single atom in an optial lattie, subjet to a harmoni trapping potential. The
problem is treated in the tight-binding approximation, with an extra parameter κ denoting the
strength of the harmoni trap. It is shown that the κ → 0 limit of this problem is singular, in the
sense that the density of states for a very shallow trap (κ→ 0) is qualitatively dierent from that of
a translationally invariant lattie (κ = 0). The physis of this dierene is disussed, and densities
of states and wave funtions are exhibited and explained.
The ahievement of degeneray in atomi gases has led
to a surge of ativity. One reason is that these systems
provide a test-bed for theories developed in the ontext
of solid-state physis. Indeed there have been experimen-
tal observations of Bose-Einstein ondensation (BEC) [1℄,
vortex latties [2, 3℄, superuid-insulator transitions [4℄,
fermion degeneray [5℄ and, very reently, advanes have
been made towards Bardeen-Cooper-Shrieer (BCS) su-
peruidity [6℄. A great advantage of these systems is
one's unpreedented ontrol of the experimental situa-
tion. By varying the magneti eld strength, partile-
partile interations an be altered. Moreover, one an
use lasers to reate an optial lattie whose parameters
an be hanged at will [7℄. The latter senario has been
the subjet of reent theoretial attention [8, 9, 10, 11℄.
One key dierene between these systems and the usual
models of the solid state is that they are not translation-
ally invariant, due to the trapping potential neessary to
onne the gas. However, in the usual set-up, when the
trap is the only external potential, the loal density ap-
proximation an be employed, and thermodynami quan-
tities an be simply related to their values in the absene
of the trap [12℄. Trapped atoms are, therefore, a good
model of the ontinuum many-partile system  analo-
gous, in the fermion ase, to `jellium', the ideal metal of
many-eletron theory. One thus expets that, when the
periodi optial lattie potential is added, an experimen-
tal model of eletrons in real rystals an be obtained.
In this letter we take a rst step towards testing this
expetation by obtaining the single-partile density of
states (DOS). This is the starting point for understand-
ing many key features of degenerate quantum systems.
For example, in an ideal Bose gas it determines whether
there is BEC [13℄, while in a weakly attrative Fermi gas
it gives the ritial temperature for BCS superuidity
[14℄. The DOS beomes a smooth urve only in the limit
in whih the trap is very weak, so that the spetrum be-
omes a ontinuum. As we shall see, this limit is singular,
in the sense that the DOS is qualitatively dierent from
that of an innite, translationally invariant lattie.
Model. We onsider a single partile, with no internal
degrees of freedom, moving in an innite tight-binding
lattie with one orbital per site and hopping between
nearest neighbours. The partile is onned to a nite
region by a harmoni trapping potential. For simpliity,
we assume a d-dimensional hyperubi lattie. For d > 1,
the problem is separable, so we shall fous our attention
on the 1D ase, indiating how the results for d > 2 follow
as the need arises. The Hamiltonian for d = 1 is
H = −t
∑
j
(|j〉 〈j + 1|+H..) +
1
2
κ
∑
j
(aj)
2
|j〉 〈j| ,
(1)
where j is a site label, a the lattie onstant, κ the
strength of the trap and t the nearest-neighbour hopping
integral. (This model also ours in the related subjet of
the dynamial diration of atoms by stati light elds;
see, for example, ref. [15℄ and referenes therein.) Note
that the trap is entred at a lattie site; see refs. [16, 17℄
for a disussion of the non-trivial eet of inommensu-
ration. The model an be generalised also by onsidering
anisotropi latties and trapping potentials.
Before desribing the properties of the model, let
us disuss its validity. In experiments [7℄, the lattie
is generated by ounter-propagating laser elds, giv-
ing rise to a stati, periodi potential [18℄ of the form
U(x) = −U0
[
cos 2πxa + 1
]
. Eq. (1) is valid when the wells
of this potential are suiently deep: U0 ≫ ~
2/ma2,
where m is the mass of one atom. In this intense-laser
regime, one an approximate the orbitals at the bottom
of eah well by those of a harmoni osillator, and the
usual method [19℄ yields the tight-binding parameter as
[9℄ t = U0 exp
[
−π
2
√
U0 (~2/ma2)
−1
]
, whih is muh
smaller than the rst exitation energy of the orbital.
The eet of the overall trapping potential on t an be
negleted provided that the potential energy dierene
between the minima of neighbouring wells, ∆Ej , is muh
less than the barrier height, U0. Now, ∆Ej ≈ κa
2j for
j ≫ 1; hene our model is aurate for states whose
wave funtions do not extend beyond site jc ≡ U0/κa
2
.
Hene the state's energy ǫ must satisfy ǫ ≪ κa2j2c , i.e.
ǫ ≪ ǫmax ≡ U
2
0 /κa
2
. We would therefore like to be sure
that ǫmax ≫ t, whih is true provided that U0 ≫ κa
2
.
We are interested in the density of states (DOS), ρ(ǫ) ≡∑
ν δ (ǫ− ǫν), whih is a smooth urve only in the limit in
whih the spetrum {ǫν} is a ontinuum. Let us disuss
some limiting behaviours of ρ(ǫ). The solution is well
known for κ = 0, when the lattie forms a large `box'
2of length L. In this ase one obtains Bloh waves with
the band dispersion relation ǫk = −2t coska, where k is
the wave number. When L ≫ a, ka runs ontinuously
from −π to π. In this limit, ρ(ǫ) is non-zero only for
|ǫ| 6 2t (this region we all the `band'), and has square-
root singularities at ǫ = ±2t (the `top' and `bottom' of
the band). For d = 2 the DOS extends from ǫ = −4t to
4t and is nite at these points, but exhibits a `van Hove'
logarithmi singularity at ǫ = 0 [19℄.
In our model, the lattie itself is taken to be innite;
the nite extent of the wave funtions is determined in-
stead by the strength, κ, of the harmoni trap. The or-
responding length sale is [12℄ l ≡
√
t/κ. This suggests
that, in this model, `ontinuum limit' should be taken to
mean l ≫ a or, equivalently, κa2 ≪ t. We shall work in
this limit heneforth (unless otherwise stated).
Let us onsider the low- and high-energy states of (1).
For energies near the bottom of the band, the dispersion
relation has the free-partile form ǫk ≈ −2t+ ~
2k2/2m∗,
where m∗ = ~2/2ta2. Thus we would expet the low-
lying eigenstates of (1) to resemble those of the usual
ontinuum harmoni osillator. Indeed, one an show
expliitly that |φ0〉 = N0
∑
j e
−aj2/2
√
2l |j〉 is the ground
state to seond order in a/l. Its energy is ǫ0 = −2t +
~ω∗/2+o
(
[a/l]2
)
, where ω∗ ≡
√
κ/m∗. To rst order in
a/l, this equals the usual result for the harmoni osil-
lator, measured from ǫ = −2t. The low-lying states are
obtained similarly. Sine the DOS of the 1D harmoni
osillator is onstant and equal to 1/~ω∗, we onlude
that the low-energy limit of the DOS of (1) is given by
ρ (ǫ) → 1/~ω∗ as ǫ → −2t for d = 1. For d = 2, the
DOS of the harmoni osillator is ρ (ǫ) ∝ ǫ, so we expet
a vanishing density of states as ǫ→ −4t in this ase.
For high energies, the physial nature of the states
is quite dierent. When ǫ ≫ t, the rst term in (1)
an be negleted, and thus the eigenstates of the Hamil-
tonian are the position eigenstates |j〉, with energies
ǫj = κa
2j2/2. The high-energy 1D DOS is then easily
shown to be ρ(ǫ ≫ t) =
√
2/κa2 ǫ−1/2. In 2D, the anal-
ogous alulation gives ρ(ǫ)→ 2π/κa2 as ǫ/t→∞.
WKB analysis. To extend our treatment of (1) to
all energies, we employ the Wentzel-Kramers-Brillouin
(WKB) approximation [20℄; it has already been ap-
plied to the momentum-spae version of the problem in
ref. [21℄. By ontrast, our WKB-type analysis will be
performed in real spae [15℄. It diers from traditional
WKB in that ~ does not appear anywhere in (1); instead
we hoose a as our small parameter. As in the ordinary
WKB method, we write the wave funtion in the form
ψ(x) ∼ exp
(
i
x∫
k(x′)dx′
)
. The energy is determined by
the usual quantisation ondition,
∮
k(x) dx = 2π (n+ γ),
where n is an integer and γ a onstant. Dierentiating
this, we obtain the DOS: ρ(ǫ) ≡ dn/dǫ = 1
2π
∂
∂ǫ
∮
k(x) dx
(note that γ is not required).
On the other hand, the orbit equation is modied by
replaing the free-partile dispersion by the tight-binding
form [22℄: −2t cos (ka) + 1
2
κx2 = ǫ. The loal wavenum-
ber beomes k(x) = ± 1a arccos
(
κx2−2ǫ
4t
)
. This makes a
signiant dierene, beause it introdues two new turn-
ing points. The lassial turning points (where k = 0)
still exist, and are found at x = ±xc, where
xc =
√
2ǫ+ 4t
κ
= 2l
√
ǫ
2t
+ 1 ; (2)
now, however, two new points appear for energies ǫ > 2t.
They are assoiated with Bragg reetion, and they our
at x = ±xb, where
xb =
√
2ǫ− 4t
κ
= 2l
√
ǫ
2t
− 1 . (3)
We shall refer to them as `Bragg turning points', and the
region between them as `Bragg-forbidden'.
The quantisation ondition now beomes more sub-
tle. To see why, note that in the Bragg-forbidden region
k(x)a = π + i arccosh
(
2ǫ−κx2
4t
)
: the wave funtion on-
tinues to osillate for |x| < xb, despite the damping of
its amplitude. The quantisation ondition must therefore
inlude these osillations; it beomes:
2
xc∫
xb
k(x) dx +
2πxb
a
= π (n+ γ) . (4)
Now we an obtain the DOS by dierentiating (4), re-
membering that xb and xc depend on ǫ aording to (2,3);
we obtain a lengthy analyti expression for ρ(ǫ). It is
plotted in Fig. 3(a), along with the DOS obtained from
numerial diagonalisation of (1), with appropriate provi-
sion for nite-size saling (see below): learly the agree-
ment is exellent. This was foreseeable, sine aside from
a vanishing number of low-lying states, all the wave fun-
tions have slowly varying k(x) (or, in the Bragg-forbidden
region, not varying at all); thus the WKB method is ex-
peted to be aurate at all energies. Note that ρ(ǫ)
is qualitatively dierent from the DOS of the κ = 0
tight-binding model, while it agrees quantitatively with
ρ → 1/~ω∗ at ǫ = −2t and with ρ →
√
2/κa2 ǫ−1/2 for
ǫ/t≫ 1, the limiting expressions obtained above.
Calulating the density of states for d > 1 is simple,
beause the Hamiltonian is separable. Consider, for ex-
ample, the ase of d = 2. It is not hard to show that
ρ2D(ǫ) =
∫ ǫ
−∞ ρ(ǫ − χ)ρ(χ)dχ, where ρ2D is the DOS of
the 2D system, and ρ is the DOS of the 1D Hamiltonian
(1). The result of applying this formula is presented in
Fig. 3(b), and ompared with numerial results; again,
the agreement is exellent. Note that the steep feature
at ǫ = 0 and the kink at ǫ = 4t both result from the log-
arithmi singularity in the 1D DOS. As ǫ→ −4t, we re-
over ρ2D → 0, as expeted from the analyti arguments
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Figure 1: Numerially determined wave funtions for a trap
with κa2 = t/100. Eah wave funtion has been oset along
the y-axis by its energy, in units of the hopping integral. The
numerial alulation uses a lattie with N = 130 sites. For
the energies onsidered, there are no notieable numerial
artefats. The lower and upper solid urves orrespond to
the lassial and Bragg turning points, eqs. (2,3).
above. Furthermore, the large-ǫ asymptote is exatly the
onstant predited by that analysis. Higher-dimensional
densities of states may be generated in a similar way.
Finite-size saling: numeris. In the foregoing we ob-
tained the DOS in the ontinuum limit l/a→ ∞. How-
ever in experiments l/a is nite. We should therefore
hek that our results resemble the behaviour of the sys-
tem when it has a steeper trap. Thus we have studied the
single-partile spetrum and wave funtions by numerial
diagonalisation of (1) [25℄. By onsidering inreasingly
shallow traps, the numerial alulations also allow us to
onrm the validity of WKB for the ontinuum limit. We
have applied the same method in d = 2, starting with the
2D version of (1). The results are analogous so we shall,
as above, desribe in detail the 1D ase only.
In order to have a nite-dimensional Hamiltonian ma-
trix, we must desribe the lattie by a nite number of
sites, N . This leads to numerial artefats for ǫ > ǫN ,
dened by N ≡ 2xc(ǫN )/a, as the partile visits the arti-
ial limits of the lattie. On the other hand we expet
this to be essentially equivalent to the original problem
for ǫ≪ ǫN . Calulations for inreasingly largeN onrm
this (see the inset of Fig. 2).
Fig. 1 shows some numerially determined wave fun-
tions, for xed trap strength. In spite of the relatively
small system size (l/a = 10), the states seem well de-
sribed by the ontinuum-limit solution. At low energies,
ǫ . 0, the wave funtions resemble those of a ontinuum
1D harmoni osillator. At higher energies, the period
of these osillations starts to beome similar to the lat-
tie onstant, and ommensuration eets emerge. At
ǫ = 2t, as that period reahes its minimum, the Bragg
reetion points appear. Immediately above the top of
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Figure 2: Finite-size saling of the binned DOS for 1D lat-
ties with nite strength of the trapping potential: κa2/t =
5 · 10−6 (+), 10−5 (×), 10−4 (∗) and 10−3 (). In all ases
the numerial uto energy, ǫN , lies outside the energy
range showed in the plot. This is illustrated in the in-
set: it shows the DOS for xed κa2 = t/1000, but alu-
lated using latties with dierent numbers of sites: N =
300 (), 350 (∗), 420 (×) and 2000 (+).
the band, ǫ & 2t, the modulation of the wave number is
evident, reahing its minimum and maximum near the
lassial and Bragg turning points, respetively. The
rapid osillations ontinue in the Bragg-forbidden region,
where the amplitude deays exponentially. As the en-
ergy rises further, the distane between the Bragg and
lassial turning points shrinks, so that fewer and fewer
osillations take plae between these two points. Even-
tually the partile is fored to loalise on single sites (not
shown). Note that the Bragg and lassial turning points
are very aurately desribed by Eqs. (2,3), even for the
relatively small value of l/a onsidered here. Further-
more, the number of high-energy (loalised) solutions is
reprodued orretly. This is beause the ondition that
the wave funtion's phase be single-valued redues, at
k = π, to the ondition that the loalised states be sepa-
rated by an integer number of lattie spaings (x = na).
We now turn to the DOS. Obviously for nite l/a the
spetrum is not a ontinuum so the DOS is not a smooth
urve. However, one an smooth it by the following pro-
edure: we divide an energy range into intervals, of width
∆ǫ, and ount the states within eah interval. We then
re-sale the vertial axis of the resulting histogram so
that eah olumn represents the number of states per
unit energy, on average, in the orresponding interval.
The result is a `binned' DOS that looks smooth only if
the intervals are suiently wide. Fig. 2 shows the result
for dierent values of κa2/t. Note that we have further
re-saled the vertial axis by an overall fator of a/l. This
leads to the ollapse of all the data onto a single urve,
suggesting that the ontinuum-limit DOS desribes the
overall distribution of energy levels even for quite steep
traps, with only l/a ∼ 100 sites. The inset illustrates
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Figure 3: DOS of a single atom in an optial lattie for (a)
d = 1 and (b) d = 2. Curves: ontinuum-limit results ob-
tained within the WKB approximation. Histograms: numer-
ial diagonalisation for nite-size systems with trap strengths
κ = 5 × 10−6 t/a2 (a) and κ = 1.5 × 10−2 t/a2 (b), using
latties with N = 5000 and 10000 sites respetively.
the numerial uto artefat mentioned above. Finally,
Fig. 3 ompares the DOS of two nite (but fairly large)
systems to the WKB preditions obtained above in 1D
and 2D respetively. Evidently our WKB approah ap-
tures the ontinuum limit rather well.
Conlusion. We have alulated the DOS for a single
atom in an optial lattie; this should be regarded as the
logial rst step towards a detailed theory of the experi-
mentally realised many-partile systems. Our results are
based on WKB theory, and refer to the limit l ≫ a or,
equivalently, when the trapping potential beomes at:
κ → 0. Numerial diagonalisation reveals this theory to
be extremely aurate in that ase, and moreover shows
that, for nite-size systems, the binned DOS has the same
overall features. Our main result is that the DOS, in this
limit, is radially dierent from what is obtained for a ho-
mogeneous lattie (i.e. for κ = 0 rather than κ→ 0): the
square-root singularities in the 1D ase are replaed by
a logarithmi one, and the logarithmi van Hove singu-
larity in 2D disappears altogether. Moreover, our theory
provides a detailed piture of how this omes about. The
ruial feature is the new turning points, assoiated with
Bragg reetion, that appear at energies above the top of
the ondution band. The possibility of induing Bragg
reetion by using a time-dependent external potential
was onsidered in [11℄. We have shown that Bragg ree-
tion is, in fat, essential to understand the equilibrium
single-partile spetrum of the optial lattie.
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Note added. It has been drawn to our attention that
some of the features disussed here have reently been
pointed out in an exat diagonalisation study [23℄.
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